Abstract. The differential calculus on the quantum Heisenberg group is constructed. The duality between quantum Heisenberg group and algebra is proved.
I. Introduction
The one dimensional deformed Heisenberg group and algebra were investigated in [1] , [2] . In this paper, using Woronowicz's theory ( [3] ), we construct the differential calculus on the deformed one dimensional Heisenberg group and we describe the structure of its quantum Lie algebra. Then we prove that our quantum Lie algebra is equivalent to the one dimensional deformed Heisenberg algebra.
II. The differential calculus
The quantum group H(1) q is a matrix quantum groupà la Woronowicz ([4] )
where the matrix elements α, β, δ generate the algebra A and satisfy the following
λ being a real parameter.
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The coproduct, counit and antipode are given by
The main ingredient of the Woronowicz theory is the choice of a right ideal in ker ε, which is invariant under the adjoint action of the group. The adjoint action is defined as follows
One can prove the following Theorem 1. Let R ⊂ ker ε be the right ideal generated by the following elements:
(ii) ker ε/ R is spanned by the following elements: α, β, δ.
Having established the structure of R we follow closely the Woronowicz construction. The basis of the space of the left-invariant 1-forms consists of the following elements
here the mapping r −1 is given by
and the mapping π is given by
The next step is to find the commutation rules between the invariant forms and generators of A. The detailed calculations result in the following formulae
Then, following Woronowicz's paper [3] , we can construct the right-invariant forms
This concludes the description of the bimodule Γ of 1-forms on H(1) q . The external algebra can now be constructed as follows ( [3] ). On Γ ⊗ 2 we define a bimodule homomorphism σ such that
for any left-invariant ω ∈ Γ and any right-invariant η ∈ Γ . Then by definition
Equations (7)-(9) allow us to calculate the external product of left-invariant 1-forms. The result reads
To complete the external calculus, we derive the Cartan-Maurer equations
(11)
III. Quantum Lie algebra
In order to obtain the counterpart of the classical Lie algebra, we introduce the counterpart of the left-invariant vector fields. They are defined by the formula
In order to find the quantum Lie algebra, we apply the external derivative to both sides of (12), we use d 2 a = 0 on the left-hand side and calculate the right-hand side using (11) and again (12). Nullifying the coefficients in front of basis elements of Γ ∧2 , we find the quantum Lie algebra
From the Woronowicz theory, it follows that the coproduct of the functional ϕ i (ϕ i ≡ χ α , χ β , χ δ ) can be written in the form
where f ji are the functionals entering in the commutation rules between the leftinvariant forms and elements of A
Then, it follows from commutation rules (6) that the coproduct for our functionals can be written in the following form
Using the fact that
) and (6) and (15), we can calculate the functionals f i . After some calculations we obtain
Now it is easy to see that the substitution
reproduces the structure of the Hopf algebra generated by the infinitesimal generators (obtained by contraction procedure) of the quantum matrix pseudogroup H(1) q , which was described in [1] . This proves the duality between the quantum Heisenberg group and algebra.
